Abstract. A set of m distinct nonzero rationals {a 1 , a 2 , . . . , am} such that a i a j + 1 is a perfect square for all 1 ≤ i < j ≤ m, is called a rational Diophantine m-tuple. It is proved recently that there are infinitely many rational Diophantine sextuples. In this paper, we construct infinite families of rational Diophantine sextuples with special structure, namely the sextuples containing quadruples and quintuples of certain type.
Introduction
A Diophantine m-tuple is a set of m distinct positive integers with the property that the product of any two of its distinct elements plus 1 is a square. found by Diophantus. Euler proved that the exist infinitely many rational Diophantine quintuples (see [16] ), in particular he was able to extend the integer Diophantine quadruple found by Fermat, to the rational quintuple 1, 3, 8, 120, 777480 8288641 .
Stoll [19] recently showed that this extension is unique. Therefore, the Fermat set {1, 3, 8, 120} cannot be extended to a rational Diophantine sextuple. In 1969, using linear forms in logarithms of algebraic numbers and a reduction method based on continued fractions, Baker and Davenport [1] proved that if d is a positive integer such that {1, 3, 8, d} forms a Diophantine quadruple, then d has to be 120. This result motivated the conjecture that there does not exist a Diophantine quintuples in integers. The conjecture has been proved recently by He, Togbé and Ziegler [15] (see also [2, 6] ).
In the other hand, it is not known how large can be a rational Diophantine tuple. In 1999, Gibbs found the first example of rational Diophantine sextuple [12] In 2017 Dujella, Kazalicki, Mikić and Szikszai [10] proved that there are infinitely many rational Diophantine sextuples, while Dujella and Kazalicki [9] (inspired by the work of Piezas [18] ) described another construction of parametric families of rational Diophantine sextuples. Recently, Dujella, Kazalicki and Petričević [11] proved that there are infinitely many rational Diophantine sextuples such that denominators of all the elements (in the lowest terms) in the sextuples are perfect squares. No example of a rational Diophantine septuple is known. The Lang conjecture on varieties of general type implies that the number of elements of a rational Diophantine tuple is bounded by an absolute constant (see Introduction of [10] ). For more information on Diophantine m-tuples see the survey article [8] .
Although the constructions of infinitely families of rational Diophantine sextuples in [9] and [10] are essentially different, they have one common feature. Namely, in both constructions (and also in [11] , which is a special case of [9] ) the sextuples contain two regular rational Diophantine quintuples. The quintuple {a, b, c, d, e} is called regular if
(see [3, 5, 7, 13] ). Similarly, the quadruple {a, b, c, d} is called regular if
(see [5] for characterization of regular Diophantine quadruples and quintuples in terms of corresponding elliptic curves).
In [14] , Gibbs collected over 1000 examples of rational Diophantine sextuples with relatively small numerators and denominators. These examples are also sorted in [14] according to their structure, which includes information of regular quadruples and quintuples which they contain. We have extended the search for sextuples with small height and included also examples with mixed signs (in [14] only sextuples with positive elements were considered). We have observed a significant number of sextuples which contain exactly one regular Diophantine quintuple and two regular Diophantine quadruples. Thus, in this paper we study rational Diophantine sextuples having this structure. Our main result is the following theorem. Theorem 1. There are infinitely many rational Diophantine sextuples which contain one regular Diophantine quintuple and two regular Diophantine quadruples.
Parametrizations of Diophantine triples
Let {a 1 , a 2 , a 3 } be a rational Diophantine triple and let a 2 = (r 2 − 1)/a 1 and a 3 = (s 2 − 1)/a 1 for rationals r and s. By putting
2 , we get
This parametrization of Diophantine triples was used in [7] in construction of certain rational Diophantine sextuples. Here we will use an equivalent, but simpler and more aesthetic parametrization due to Lasić [17] , which is symmetric in the three involved parameters:
The connection between two parametizations is given by (−1 + t 1 t 2 t 3 )(1 + t 1 t 2 t 3 ) , t = −t 2 t 3 .
New construction of families of Diophantine sextuples
Let {a 1 , a 2 , a 3 , a 4 } and {a 1 , a 2 , a 3 , a 5 } be regular Diophantine quadruples, i.e. a 4 and a 5 are solutions of the quadratic equation
2 − 4(a 1 a 2 + 1)(a 3 x + 1) = 0.
We obtain that 2 . We get
.
Inserting this in (1), we obtain that a 4 a 5 +1 is a perfect square. Thus, we obtained a two-parametric family (in parameters t 1 and u) of rational Diophantine quintuples which contain two regular quadruples (let us mention that a one-parametric family of rational Diophantine quintuples with this property was constructed in [4] ). Now we extend the nonregular quadruple {a 1 , a 3 , a 4 , a 5 } to regular quintuples {a 1 , a 3 , a 4 , a 5 , a 6 } and {a 1 , a 3 , a 4 , a 5 , a 7 }, i.e. a 6 and a 7 are solutions of the quadratic equation (a 1 a 3 a 4 a 5 x+2a 1 a 3 a 4 +a 1 +a 3 
We will not use a 7 is our construction, so we give here only the value of a 6 : a6 = 6(u + 4)(u + 8)(u + 2)(u − 4)(2t1u 2 + 3u 2 + 20t1u + 12u + 32t1) × (t1u 2 + 10t1u + 16t1 − 6u)(t1u 2 + 10t1u + 16t1 + 6u)(t1u 2 + 10t1u + 16t1 − 24 − 6u)
The only missing condition in order that {a 1 , a 2 , a 3 , a 4 , a 5 , a 6 } be a rational Diophantine sextuple is that a 2 a 6 + 1 is a perfect square. This condition leads to the quartic in t 1 over Q(u): Since this quartic has a Q(u)-rational point at infinity, it can be transformed by birational transformations into an elliptic curve over Q(u) (the singular point at infinity on the quartic corresponds to the point at infinity and an additional point P 1 on the elliptic curve). The quartic have another Q(u)-rational point corresponding to t 1 = −3(u+4)u 2(u 2 +10u+16) . It gives a 6 = 0, so it does not yield a rational Diophantine sextuples. However, if we denote the corresponding point on the elliptic curve by P 2 , then the point 2P 2 on the elliptic curve corresponds to the point with 
